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Abstract 

In this review, we study free field realizations of the Feigin-Odesskii algebra. We construct free 
field realizations of a pair of infinitely many commutative operators, associated with the elliptic 
algebra Uq tP (sl^). 
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1 Introduction 

In this review, we study free field realization of elliptic version of the Feigin-Odesskii algebra 
[1]. For this purpose we introduce one parameter "s" deformation of the Feigin-Odesskii algebra 
[1]. This review is based on the paper [9, 10, 11, 16, 17]. Let the function fi(z% ■ ■ ■ zi\w\ ■ ■ ■ w{) 
be meromorphic and symmetric in each of varibles (z±,- ■ ■ ,Z[) and (w\, •■■ ,Wi). Let us set 
the symmetric function (f m o f n )(zi, • • • , z m+n \wi, • • • , w m + n ), depending on three continuous 
parameters 0<x<l,0<r and < s < 2, by 

(fm ° fn)(zi, " ' , z m+n\wi,--- ,W m+n ) 



1 



((m + n)!) 2 



/ , / „ fm(z a (i),--- ,Z a ( m )\w T (i),--- ,W T ( m )) 



T^Jm + n ^fc^m+n 

x /n(.^o-(m+l) ! ' ' ' ) z a(in+n)\ W T(m+l)i ' ' ' i W T(m+n)) 



in m+n 

*n n 

j=l j=m+l 



\v T 



(i) ~ u a(j) + - 



U a (i) ~ V T{j) + - 



II, 



a(i) ~ U a(j)]r[Ua(j) ~ U<t{i) ~ l]r 



^n n 

j=l j=m+l 



r n [«a(?) - M*) + | - 1 



v T (j) - u a(i) + - - 1 



'Jr(j) - Vr(i) - l]rK(j") ~ V r(i) ~ ^ 



where the symbol [u] r represents the elliptic theta function defined in (2.1). Here we set Zj 



Jlu 



X J ,Wj = x 



2v, 



This product "o" on symmetric function gives the structure of the associative 



algebra. We call this associative algebra "elliptic Feigin-Odesskii algebra". Let us set the 
functional Q by using currents Fi(z),F 2 (z), which is one parameter "s" deformation of the 
elliptic algebra U qtP (sl 2 ). They satisfy the following commutation relations. 



u\-u 2 - - 



u\ - u 2 + - - 1 



F l {z 1 )F 2 {z 2 ) 



U2-U-1- - 



U2-U1 + --I 



F 1 (z 2 )F 2 (z 1 ), 



[ui ~ u 2 ] r [ui -u 2 + i\ r F j (z 1 )F j (z 2 ) 



[u 2 - ui] r [u 2 -u 1 + l] r FAz 2 )FAz{). 



Upon the specialization s — > 2 the current F\{z) degenerates to the cuurent of the elliptic algebra 
Uq, p (sl 2 ), and the current F 2 (z) lookes like i*i(z) -1 . Let us set the functional Q by 



G(fn 



m , 
TT dz J 



i=i 



2nizj 



n 

i=i 



dw 



:i 



2ttiw 



■Fi(zi) ■ ■ ■ F^z^F^Wi) ■ ■ ■ F 2 {w n 



j 



\\ [Ui - Uj] r [uj -Ui- l] r [vi - Vj] r [Vj - V i - 1], 
1=J <k^m 



Y[ n [^ - vj + 



■fm(Zl,---,Z m \Wi,--- ,W m ). 



Vj -Ui + 



1 



i=lj=l 

Roghly speaking, this functional satisfies homomorphism, 

G{fm)Q(fn) = Q{fm ° fn), 

which is a consequence of symmetrizing procedure of variables (z±, ■ ■ ■ , z m+n ) and (wi, • • • , w m+n ). 
We call Q{fm) "free field realization of Feigin-Odesskii algebra". When we have commutative 
family i9 m of elliptic Feigin-Odesskii algebra, 

urn ° ™n — Wn ° ^mi 

we can construct commutative family of the operators ^(i? m ), 

This is rough story of this paper. Precisely this homomorphism Q{f m )Q{fn) = Q{fm ° fn) does 
not hold for every time. For example, upon the specialization s — > 2, the homomorphism does 
not hold, because singularity which comes from the product of the current Ei(z),E 2 (w), destroy 
the structure. In order to construct the free field realization of Feigin-Odesskii algebra, we have 
to construct the currents which (1) satisfy the commutation relation, and (2) does not have 
surplus singularity. In this survey we construct free field realization of commuttive family of 
elliptic Feigin-Odesskii algebra. 

The organization of this paper is as follows. In section 2 we introduce a pair of Feigin-Odesskii 
algebra, and give infinitely many commutative solutions of the Feigin-Odesskii algebra. We 



construct free field realization of the Feigin-Odesskii algebra, by using one parameter deformation 
of the current of the elliptic algebra U qyP {sl-2). In terms of this free field realization, we construct a 
pair of infinitely many commutative operators acting on the Fock space. In section 3 we consider 
the higher-rank generalization of section 2. We construct a pair infinitely many commutative 
operators by using one parameter deformation of the elliptic algebra U qtP (slN). In section 4 
we consider higher-level k generalization of section 2. We construct free field realization of one 
parameter deformation of level k elliptic algebra U qtP (sl2). The author would like to emphasize 
that the free field realization of Level k is completely different from those of Level 1 . We construct 
a pair of infinitely many commutative operators associated with one parameter s deformation of 
the elliptic algebra Uq tP (sl2) for level k. In section 5 we give a free field realization of the elliptic 
algebra U qtP (sl]\f) for level k, and explain an open problem. In section 2 we summarize some of 
results in [9]. In section 3 we summarize some of results in [10]. In section 4 we summarize the 
results in [11]. In section 5 we summarize the results in [16, 17]. 

2 Elliptic algebra Ug^sfa) 

Let us fix parameters 0<x<l,r>0. Let us set z = x 2u . The symbol [u] r stands for the 
Jacobi theta function, 



{x 2r ;x 2r )%. 



[u] r = xr u —^- 3 —^ ; Q q (z) = (q;q) 00 (z;q) 00 (q/z;q) 00 , (2.1) 



where we have used standard notation (z;g)oo = n^Lo(l ~~ Q^ 2 -)- The symbol [a] stands for 
g-integer, 

[a] —. 2.2 

x — x l 

2.1 Feigin-Odesskii algebra 

Let us set parameters < s < 2 and r > 1. We introduce a pair of Feigin-Odesskii algebra: 
/ o g and / * g. 

Definition 2.1 Let us set the symmetric function (f m o f n )(z±, • • • , z m + n \wi, ■ ■ ■ , w m + n ) by 

\Jm ° /nji^li j Zm+n\W\, * * * , W m -\- n ) 

= ((m + n)!) 2 2 Yj /m(^<T(l),"-,^(m)kT(l),"-,WT(m)) 

(T^LOm + n TGo Tn _|_ n 

x /n(^cr(m+l) ' ' ' ' 5 z a(m+n)\ W T(m+l)i ' ' ' i w r(m+n)) 



[v T ( 



m m+n \qi /■-. — 7/, / •-, -I 

x ii n 

j=l j=m+l 
rn m+n L {j) - Vr{l) + 

x n n - — r - 



r l 



» 



»(<) - U T(j) + 



S 



1 



Wt(j) " <M0 + 9 - 1 



l \r[v T ( 



1], 



Zet us give the symmetric function (f m * f n )( z i ■ ■ ■ -Zm+nl^i ■ ■ ■ Wm+n) by 



(2.3) 



(/m. * Jn)\ z \i ' ' ' j ^m+n|U , l> " " " , "Wm+nj 

((m + n)!) 2 ^J 2_, /™(Mi)''"'M™)l^(i)''"'^(™)' 

x /n(^cr(m+l) ' " ' ' J z a(m+n)\ W T{m J rl)i ' ' ' i W T(m+n)) 



[v T ( 



r-1 



U„U\ — V 



a(i) ~ Ut(j) 



r-1 



m m+n v r M ~ u a(j) ~ „ 

X TT TT LA! ^_2 

f = l j-J^J.! K(0 " u *(j)\r-lK(j) ~ U a(i) + l] r _i 

r sir s 

m m+n ^ (j) - 7J r(i) - - + 1 _ ^ V r(j) - U a(i) - - + ] 



r-1 L 



r-1 



r(j) - W T (i) + l]r-lK(j) - v r(i) + 1] 



r-1 



(2.4) 



i=l j=m+l 

i/ere fi(zi, ■ ■ ■ , zi\wi, ■ ■ ■ , w{) are meromorphic function symmetric in each of varibles (zi, ■ ■ ■ , z\) 
and (w\, • • • ,wi). 

We have infinitely mny commutative family of Feigin-Odesskii algebra. Let us set theta 
functions for three parameters a, v, 



"m,a(Z\, , Z m \W\, , W m ) 

Proposition 2.2 "& m ,a an d "&n,B commute with respect to the product (2.3). 



^{uj - vj) - v + a 



J2(vj ~ Uj) - a 



(2.5) 



$m,a ° &n,8 = &n,8 ° $m,a- 



(2.6) 



Let us set theta functions for parmeters a, v. 

"m,av^l! ' z m\W\, , W m ) 



J^iVj - Uj) - V + 
3=1 



o 



r-1 






a. 



.(2.7) 



r-1 



Proposition 2.3 #m,a an d $ n g commute with respect to the product (2.4). 



w m,a n,p n,p u m,cc 



(2.1 



Proof of propositions are summarized in [9]. 



2.2 Free field realization 

Let us set a parameter < s < 2. Let us introduce bosons /?^,/3^, (m ^ 0) by 

{ [(r-l)rn] [(s-l)m] <- /■ _ -n 

m [(r-l)m] [m] m s g n(i- j)6 , ■ , -X ^ 

Let us set P, Q by 

[P,iQ] = l. (2.10) 

We deal with the bosonic Fock space J~i t k,(l, fc£Z) generated by /3i m ,(m > 0, z = 1, 2) over the 
vacuum vector \l,k). 

P l m \l,k) =0 (m>0,i = 1,2), (2.11) 



^■/•■)-( d2(^T) l -y L 2r k M) ' (2 - 12) 



-^ — j_./l^zlfc )i 



|Z,A;) = e W 2(— i) V 2r j -| ^_ (2 ^ 13) 



Definition 2.4 Lei us set t/ie currents Fj(z),Ej(z),(j = 1,2) 6w 



*(*) " ^V^P^V^P^ : exp ( £ ^(/4 - &)*^ ] :, (2-14) 



r-l „■ /2(r-l)^ ,/2(r-l) 



Pom = ^ r e V r v 2; 



Q^-J^^P 



: ex P ( E ^(-^^ + x ~ Sm /?™)^ m ) :, (2-15) 



Pa(z) - s^e-V-i VV-i" ; exp | - E ~ r^_ iL ^ - &>*"" 1 ; » ^ 



P 2 (.) - ^ e V^^V^ : exp [ - £ - r ,„ L _ ^ {-*""& + x~ sm fil)z~ m ](2.17) 



They satisfy the following commutation relations. 



Proposition 2.5 



[ " 1 "" 2j '- -F ] (z 1 )F,(z 2 ) = r [U2 Ul \. F j (z 2 )F j (z 1 ), (j = l,2) (2.18) 



[Ul -U 2 - l] r [u 2 - Ul - l] r 

— f T-Ji Pi(^i)P 2 (z 2 ) = — ; ±Ti F 2 (z 2 )F 1 (z 1 ), (2.19) 

[Ul - U 2 + §J r [U 2 - Ul + gjr 

[tii-«2] r -i E(zi)jE( , 2) = f^-^-i £ ;.(, 2 ) jE ;,(, 1 ) ! ( J = 1,2) (2.20) 

[ui - u 2 + lj r _i [u 2 - Ul + 1J, — 1 

[Ul - U 2 - f + l] r _l , [u 2 - Ul - § + l] r _i , r/ , , 001 - 

— —2— E 1 (z 1 )E 2 (z 2 ) = — —2— E 2 (z 2 )E l (z 1 ). (2.21) 

[Ui - U 2 - 2\r-l [ u 2 — Ul — 2\r-l 



[E i (z 1 ),F j (z 2 )] 



%3 



X — X' 



T (S(xz 2 /z 1 )H j (x r z 2 ) - 5(xz 1 /z 2 )H j (x~ r z 2 )) , (i,j = 1,2). (2.22) 



Here we have set 
Hi(z) = 



Vr(r-l) ^ _ ^r(r-l) r(r- 



1} : exp - ^ 



ra^O 



1 [to] 
m [(r — 1)to] 



(^-^Jz- m :, (2.23) 



H 2 (z) 



, ^T) iQ z ^T) P+ r(r-r> . exp / J2 ^—M—frMp^ _ x'^^z'" 1 [2:2 ! ) 



, m^O 



to [(r — l)m] 



Definition 2.6 Lei us se£ the functional Q by 



QUr, 



A 

n dz j 
2mzi 



dw 



H Y~^ F i( z i) ■ ■ ■ Fi{z m )F 2 { Wl ) ■ ■ ■ F 2 (w m ) 



2ixiw 



(2.25) 



j=l J " j=l ] 

Y[ [Ui - Uj] r [Uj -Ui- l] r [Vi ~ Vj] r [vj - Vi - 1], 
1=J <k^m 



nn[< 



-fm(zi,--- ,Z m \wi,--- ,W m ). 



Ui ~ Vj + - 



Vi -Ui- - + 1 



uj — u, % 



i=lj = l 

We take the integration contours to be simple closed curves around the origin satisfying 



-s„.. I l„,s-2„ 



x s Wi\,\x s Wi\ < \zj\ < \x s Wi\,\x s u>i\, (i,j = l,2,---,m) 



Let us set the functional G* by followings. 



G*{U 



m , 



dw 



27rizj J - LJ - 2itiwn 
j =1 j j =1 j 



I] ^—^-E^zi) ■ ■ ■ E 1 (z m )E 2 (w 1 ) ■ ■ ■ E 2 {w m ) 



Y\ [Ui - Uj] r -l[uj -Ui + l]r-l[vi ~ Vj] r -l[vj - V i + l] r _l 



III Hi 

nn[« 



(2.26) 



Jm\Zlj j Z m \ Wi, , W m ). 



r-1 



v j~ u i-^ + 1 



r-1 



i=lj=l 

We take the integration contours to be simple closed curves around the origin satisfying 



\x s Wi\,\x s Wi\ < \zj\ < \x s Wi\,\x s Wi\, (i, j = 1,2, ■ ■ ■ ,to). 

Proposition 2.7 When the function fi(zi, ■ ■ ■ , zi\wi, ■ ■ ■ , wi) are meromorphic function sym- 
metric in each of varibles (z\, ■ ■ ■ ,zi), (w±, ■ ■ ■ ,wi), and don't have poles at the origin Zj = 0, 
Wj = 0, the functionals Q, Q* satisfy 



G(fm)G{fn) = G{fm ° fn), 
G*(fm)G*(fn) = G*{fm * fn) 



(2.27) 

(2.28) 



Symmetrizing with respect to the integration variables (zi, ■ ■ ■ , z rn+n ), {w\, • • • , w m+n ) of prod- 
uct G(fm)G(fn), we have the above proposition. We have to choose the integration contours 
symmetric with respect with integration variables. Hence, following normal orderings, 

20--1) (x 2r ~ 2+s w/z; x 2r ) 00 (x 2r ~ s w/z) 00 



F 1 (z)F 2 (w) =:: x- 

F 2 (w)F 1 (z) =:: x~ 



(x s w/z;x 2r ) OQ (x 2 s w/z;x 2r ) OQ 
at'— i) (x 2r ~ 2+s z/w;x 2r ) O0 (x 2r ~~ s z/w) O0 



(x s z/w;x 2r ) O0 (x 2 s z/w;x 2r ) OQ 
we have to choose the integration contours to be simple closed curves around the origin satisfying 

|x s t«i|, \x ~ s Wi\ < \zj\ < \x~ s Wi\, \x s ~ Wi\, (i, j = 1,2, • • • , m). 

When we consider the case s — > 2 or s — > 0, there does not exist such a contour. Hence the 
above proposition does not hold. We note that one deformation parameter < s < 2 plays an 
essential role in construction of commutative operators. When we take the limit s — > 2, we get 
popular current of the elliptic algebra U qyP (sl2), and the free field realization of Feigin-Odesskii 



algebra is open problem. In what follows, we set v = \Jr{r — 1)P. 
Theorem 2.8 For r > 1 we have 

[G{0 m ,a)M0 n ,(l)]= o > (m,n€N), (2-29) 

[a*(Ca),£*(</3)]=0, KneN). (2.30) 

Theorem 2.9 For < r < 1 we have 

[G(#m,a),G*(K,(l)] = 0, (m,n€N). (2.31) 

Definition of <7*($ma) f° r < r < 1 is given as the same manner as (4.44). See detailds in [9]. 
We have constructed infinitely many commutative operators <7($m,a)> G*{^ma)^ ( rn ^ ^) acting 
on the bosonic Fock space, which is regarded as the free field realization of commutative family 
of Feigin-Odesskii algebra (2.3) and (2.4). 

3 Elliptic algebra Uq^sIn) 

In this section we summarize some of results in [10]. In this section we fix iV = 3, 4, • • -. We set 
parameters < s < N. 



3.1 Feigin-Odesskii algebra 

We introduce a pair of Feigin-Odesskii algebra. We set z, = x u i and understand z, = z- ■ 

Definition 3.1 Let us set meromorphic function (f m o f n ){z\ , ■ ■ ■ , z m+n\ ' ' ' \ z i > " " " ; z m+rJ 



symmetric in each of variables [z\ , ■ ■ ■ , z„} n ),' 



'1 > ' ' ' > ^m+nl ■ 



(N) 



ff o f Vz (1) ••• z (1) l---b (JV) 

\Jm u in)\Z\ , , Z m+n \ \Z-y , 

= E E - E 

x fm\ z 



z {N) ) 

< "m+n I 



(1) _(1) I \JN) JN) ^ 

(Ti(l)' " ' ' Z CT i(m)l " " " 1^(1)' " ' Z ff N {m)> 



x f (z (1) ••• z (1) \---\z {N) ■■■ z {N) ) 

J n \ cri(m-(-l)' ' <ri(m+ra)l I <rjv(m+l)' ' a-jv(«2+n)' 



I (t) (t+1) 8 
N m m+n \u ,-\—U , ■•> 

x nn n — 



_„(*) +1-.L 

U a t+1 (i) U a t (j) + l N 



t=l i=l j=m+l 



u ',.-. — u ,-, 

crt(i) cTtU) 



(*) _ («) 



(3.1) 



.(i) 



(i) 



(TV) 



A N h 



Here meromorphic function fi(z\ , ■ ■ ■ , z) \ ■ ■ ■ \z\ , ■ ■ ■ , z\ ) is symmetric in each of variables 

\ z i i ' ' ' i z i )>'"■> \ z i > ' ' ' > z i )■ 

Let us set meromorphic function (f m * f n ){ z [ , ■ ■ ■ , z m +n\ ' ' ' \ z i ■> ' ' ' i z m+n) symmetric in each 

of variables [z-^ , ■ ■ ■ , z m+n ),- ■ ■ (z± , ■ ■ ■ , z m+n ). 



(f * f )(z w ■■■ z w \---\z (N) ■■■ z^> 1 

E E - E 

ClSSm + n <T2dS m +n 0"jv£Sm+n 



.(1) 



AN) 



AN) 



X f (? K > ••• 7 K > I-..|7 V 

X J"»^<ri(l)' ' Z ffi(m)l \ Z o N {iy'" ^a N (ra)> 

x f (z {1) ••• z (1) l---lz (JV) ••• z {N) ) 



hn \l 

nnn 1 

t=l j=l jr'=m+l 



I (t) (t+1) s 

N m m+n \u , .-, — U J 

<n0) o-t+iO) jy. 



r-l 



(t+1) (t) , . 8 ' 



r-l 



(* *) 

<Tt(l) cr t (j) 



r-l 



(*) _ («) 
crt(j) <Jt(J) 



r-l 



(3.2) 



ifere meromorphic function fi(z[ , • • • , z\ - | • • • \z\ , ■ ■ ■ , z) ) is symmetric in each of variables 



A 1 ) 



.(i) 



\ z \ ' ' ' ' ' z i )>'"■> \ z \ j ' ' ' > z i )• 



(N) 



ANh 



We have a pair of infinitely many commutative family of Feigin-Odesskii algebra. Let us set 
theta function with parameters fi, ■ ■ ■ , v^ and a. 



N 



A (J 1 ) ... u ( 1 )|...ln (JV) ••• u (N h -TT 



t=\ 



E(^--i m) )-^ + 
j=i 



j 



n 



(3.3) 



Proposition 3.2 "& m ,tf o.nd'dn^ commute each other with respect to the product (3.1). 
Let us set theta function with parameters i/i, ■ ■ ■ , vn and a. 

N 



(3.4) 



0* (u {1) ••• n«l---ln (7V) ••• u^-TT 



t=l 






(3.5) 



r-l 



Proposition 3.3 m , Q and njj g commute each other with respect to the product (3.2). 



Vm,a * ""71,13 — ^n,/3 * ^m,a- 



(3.6) 



Proof of the above proposition is summarized in [10]. 



3.2 Free field realization 



Let ej (1^3 = N) be an orthonormal basis in R relative to the standard inner product 



1 v^W 



{ei\ej) = Si j. Let us set ej = ej — e where e = ]y S ? =i e j- We identify €j + n = e?- Let the 



^JV 



weighted lattice P = Xli=i^ e i- Let us set a.j = ej — ej + \ G P. Let us introduce the bosons 
pi (m e Z^ ; 1 ^ j ^ iV) by 



lPm>PnJ 



[(r— l)m] [(s— l)m] 



-m 1 



.] [sm] °m+n,0i {/-—J) 

[(r-l)rnj [m] sm sgn(j-j)r /,- / ,-v 

[rra] [sm]- 1 ° m >™> \ L ^ J ) 



(3.7) 



Let us set the commutation relations of P\, Q^ (A, /i G P) by 



[P x ,iQ fi ] = (X\ f i). 



(3.8) 



We deal with the bosonic Fock space Ti : k,{l,k £ P) generated by /?!_ m ,(m > 0,i = 1,---,N) 
over the vacuum vector \l, k). 



P l m \l,k)=0(m>0,i = l,---,N), 
P a \l,k) = (a J . ' ,, / 



(r-l) 



r — 1 



|Z, k) = e 



F^T) 



h-H r^Qk 



|0,0). 



A; |Z,fc), 



(3.9) 
(3.10) 

(3.11) 



Definition 3.4 VFe se£ i/ie screening currents Fj(z), (1 S J = N) by 



Fj{z) 



'i( x (%-i)3 z y 



r 3 r 



\m^0 J 



:, (l^j^N-1) 



(3.12) 



F N (z) 



i I r ~ x n o at- / r— 1 p i r— 1 _ / r— 1 p , r— 1 

e \j~r ^ a N ( x 2s ~ N z )\l ~r ^n ~^~w z \l~r~ ^n t^f~ 



x : exp 






N -m 



(3.13) 



, ra^O 



VFe set the screening currents Ej(z), (1 S J = N) by 



Ej(z) 



-l® a j (x^ ^ Z) V r-l Pa j + r-l 



x : <,X P ! " E - 77 i ! *"*"" I =- (3 <./<A'-lj 
*— ; ' m [(r — ljmj 



(3.14) 



£jv(*) 



■ / r r\ o AT — / r P- J- r / r P- 4- r 

e _ V~^ a W (X Z) V r-l- re Af" h 2(r-l) ^V r-i rf l + 2(r-l 

:ex P f-X:- f - M .iff*-™ 



m^O 



m [(r — l)m] 



//ere me Ziawe set 



#4 = Ot-^ 1 )*-^™, (i^j^iv-i), 



I? 



N 



[X p m P m )- 



(3.15) 



(3.16) 
(3.17) 



Proposition 3.5 The currents Fj(z), (1 ^ j ^ N; N ^ 3) satisfy the following commutation 
relations. 



u\ - u 2 



N 



F j (z 1 )F j+1 (z 2 ) 



U2-U1 + — -I 



F j+1 (z 2 )F j (z 1 ), (l^j^N), 

(3.18) 

[ui -« 2 ]r[«l -U2 + i\rFj(z 1 )Fj(z 2 ) = [u 2 - U\] r [u 2 - U\ + l] r F j (z 2 )F j (z 1 ), (1 ^ j ^ N), 

(3.19) 
FiizjFjfa) = F j (z 2 )F i (z 1 ), (\i-j\^2). (3.20) 

We read i*V+i(z) = F\(z). The currents Ej(z), (1 ^ j ^ N;N ^ 3) satisfy the following 
commutation relations. 



u\ — u 2 + 1 



JV 



r-l 



^■(«l)^-+l(%) 



1*2 — ""1 + 



JV 



,._i 



E j+1 (z 2 )E j (z 1 ), (l^j^N), 



(3.21) 



til -U 2 ]r-lK -«2 - l]r-l-Ej(zi)^-(z 2 ) = [u 2 -U 1 ] r - 1 [u 2 -Ui-l] r - 1 E j (z 2 )E j (zi), (1 ^ J ^ N) 



EiizjEjfa) = E 3 {z 2 )E t { Zl ), {\i-j\^2). 



(3.22) 
(3.23) 
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We read En+i(z) = E\(z). 

Proposition 3.6 The screening currents Ej(z),Fj(z), (1 ^ j ^ N;N ^ 3) satisfy the 

following relation. 



[E i (z 1 ),F j (z 2 )] 



Here we have set 



">■ -:.i 



x — X' 



- J {5{xz 2 /z l )H ] (x r z 2 ) - 5(xz 1 /z 2 )H j (x- r z 2 )), (1 ^ i,j S N). 



(3.24) 



Hj(z) 



: (i-f)2j e v / ^) Q ^'( x (w- 1 )i z ) V^) Pa ^ + r ^ 



x : exp 






1 [to] 
to [(r — 1)to] 



:, (l^j^N-1), 



(3.25) 



#^(2) = x 2(N~2s) e ^-T) Qa N (^s-N^ y rp(j-T) P m + 2r (r-i) z y fH—^ P n + 2r(r-i) 



x : exp - ^ 



1 H v. ro \ . 



m^O 



to [(r — 1)to] 



(3.26) 



Definition 3.7 Let us set the functional Q by 



Q{fn 



N m dz? 



W 



t=ij=i ZwiZj 

N 

n n [ 

t—1 l^i<j^m 



,0-h 



,(i) 



F 1 (z\')---Fi(z^)---F N (zr')...F N (z^>) 



(AT), 



ANh 



(*) (*) 

u; — uy 



(*) (t) -,' 
Uj - u\' - 1 



JV-l m 



nnN°-r + >-an[ 

x f (z {1) ••• zWl-.-lz^ ••• z^l 



(1) (AT) . « 

.YJ r xx L^ ~ U i + iV 



(3.27) 



We take the integration contours to be simple closed curves around the origin satisfying 
0zf +1) \ < \zf ] \ < \x- 2+ %zf +1) \, (lStSN-l,lSiJS m), 

I 2-2£ (1), ., I (AT), | _2£ (1), /-,/••/ x 

\x Nzy\<\z\ '\ < \x N zy\, (lSijSm). 



Let us set the functional Q* by followings. 



Q*{U 



N m dz (t) 



(*) 



nn 2 _, 

t=lj=l IKlZj 

N 

n n [ 

t— 1 l^i<j'^m 



.(!)> 



,(1) 



£; 1 (^)---^i(4 i; )---^Ar(^ v; )---^Ar(^ v; ) 



(JV)v 



,Wi 



(*) (t) 

u) — Uj 



r-l 



(*) (*) i 

u) - n • - 1 



r-l 



AT-1 m 

nn[ 

t=i i,j=i 



(t) (t+1) -, . s 



771 

nr (1) (AT) S 



»J=1 



r-l 
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x Jm\ z i i'''i z m \'"\ z \ i ' ' ' ' z m )• (o.zoj 

We take the integration contours to be simple closed curves around the origin satisfying 
\x^zf +1) \ < \zf ] \ < \x- 2+ %zf +1) \, (lStSN-l,lSiJS m), 

I 2-2£ (1), ^ | (AT), „ | -M (1), /-,/■■/ n 
|X w ^ | < |4 | < \X N Zj\, (1 i J,J S m). 



Proposition 3.8 When the functions fi(z\ , • • • , z\ \ • • • \z\ ,---,z} ) is meromorphic 

function symmetric in each of varibles (z\ ,• • • ,z\ ), (1 ^ t ^ AT), and don't /taue po/es at 
t/ie origin z, = 0, (1 ^ i ^ AT, 1 ^ j ^ /), t/ie functionals Q , Q* satisfy 

G(fm)G(fn)=G(f m °fn), (3.29) 

G*(fm)G*(fn)=G*(f m *fn). (3.30) 

Symmetrizing with respect to the integration variables (z[ ,■ ■ ■ , z m+n ) product G(f m )G(f n ), we 
have the above proposition. 



In what follows we set parameters in the theta function $ m;Cn "#„« > v t = \/r(r — l)P St+1 , 
(1 ^ t ^ TV), a = X^t=i a t-ff t ) («t £ C). Because the relation ^2 t=1 Pe t = 0, #m, a , ^ma have 
(A 7 ' — 1) independent parameters. 

Theorem 3.9 For r > 1 we have 

[G(#m, a ),G(#n,p)}=0, (m,n£N), (3.31) 

[G*(r mtOi ),G*(K ! p)}=0, (m,n€N). (3.32) 

Theorem 3.10 For < r < 1 u>e Ziaue 

[5(^)^(^)1 = 0, (m,n€N). (3.33) 

Definition of ^*($J„ a ) f° r < r < 1 is given as the same manner as (4.44). See detailds in [10]. 
We have constructed infinitely many commutative operators Gi^m^), G*{$ma)i ( m ^ N) acting 
on the bosonic Fock space, which is regarded as the free field realization of commutative family 
of Feigin-Odesskii algebra (3.1) and (3.2). 

4 Level k generalization of Uq^sfa) 

In this section we consider level k generaliztion of section 2. Main contribution is construction 
of free field realization for one parameter s deformation of Level k elliptic albegra Uq t p(sl<2). 
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4.1 Feigin-Odesskii algebra 

Let us set parameters r, k € K such that r > 0, r — fc > 0. It's not difficult to give Level k 
generalization of Feigin-Odesskii algebra: fog and f * g. 

Definition 4.1 Let us set the symmetric function (f m o f n )(zi, ■ ■ ■ , z m + n \wi, ■ ■ ■ , w m + n ) by 
the same relation (2.3). 

Let us set the symmetric function (f m *fn)(zi ■ ■ ■ z m + n \w\ ■ ■ ■ w m + n ) by modification of (2.4). 

= ((m + n)!) 2 S E /m(^(i),-,Mm)K(i). 1 ".«'TM) 

x /n(.^o-(m+l) j " " " j £o-(m+ra)l u V(m+l)> " ' " , u V(m+n)J 



n [v T 



m m+n V (i) - U a i ,) 

n n 

j=l j=m+l 



U„a\ - V 



T(i) ~ U r(j) 



i — k 



L cr(i) - u a(j)]r-k[Ua(j) ~ Uff{i) + l]r-fc 



m m+n U (j) - U T(i) - - + 1 *V(j) - U<r(i) - - + 1 

x n n 

i=l j=m+l 



r—k 



K(i) - Vr(i) + l]r-fcK(j) - Vr(i) + Mr-k 



(4.1) 



.Here fi(zi, ■ ■ ■ , zi\w±, ■ ■ ■ , toj) are meromorphic function symmetric in each of varibles (zi, ■ ■ ■ , zi) 
and (w\, • • • ,wi). 

We have infinitely many commutative solutions "& ma and ?9 m a with respect with product fog 
and f * g. The solutions "&m,a{zi, • • • , z m ) for product o is given as the same as (2.5). Let us set 
the theta function $ m Q with parmeters a, za 



i? m (zi,--- , z m |u>i, •••,w m ) 



Proposition 4.2 "&m,aipha an d "&n,B commute with respect to the product (4-1)- 



rn 








m 




Eto - 


-Uj)- 


- j/ + a 




E( n i " 


- fj) — a 


i=i 






r—k 


_j=i 





(4.2) 



r—k 



vm.a * "n.B — "n.B * "m,a- 



(4.3) 



4.2 Free field realization 

In this section we give one parameter deformation of Wakimoto realization of elliptic algebra 
U q>p (sl2) [2, 3]. Let us set deformation parameter < s < 2. Let us set the bosons Q J m , 5m, (j = 
l,2;m € Z^ ), 

1 [2m] [rm] 



L^m> ^nJ 



m [&m][(r — k)m] 



0~m+n,0, (j = 1,2), 



(4.4) 
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. 1 2n 1 /^ r + l ') m (H-[(s-2)m]) x km ([sm] + [(s-2)m})\ ^ 

[0m ' aJ = ml W^k)m\ + M )<W,o, (4.5) 



1 [2m] [(r — k)m] 
m [km] [rm] 



&n>»tt = -r Tu„ J W (J = 1.2), (4.6) 



x 2 1 /X^(>] + Mm]) S fe ™([sm] + [(s-2)m]) \ 

Kn>«nJ = — F i + ri — i <Wn,o, (4.7) 



m \ [rm] [fcm] 

[«m>«n] = TTT-r^m+n.O, (.7=1,2), {A. I 

m [fcm] 



i -2 i 1 [ srn ] + K s ~~ 2)m] 



[ a m> a n\ = FTTH <Wn,0, (4.9) 

m [fcm] 



'l 2i 1 [sm] + [(s — 2)m] 



m [fcm] 

We set the bosons /3m, 7m, (j = 1, 2; m € Z^ ) 



<Wn,0- (4-10) 



[2m][(fc + 2)m] g . 

[/3m,/?n] = — 5 m+nfi , (J = 1,2), (4.11) 



? i o2i [(fc + 2)m]([sm] + [(s-2)m]) 



[/5 m ,/? n ] — <5m+n,0, ( 4 -12) 

1 [2ml 

[7 m ,7^] = -77r4 < W>°> (J = l,2), (4.13) 

m [fcm] 



, > 1 [sm] + [(s — 2)m] 



[7m, In] = m <Wn,0- (4.14) 

m [fcm] 

We set the zero- mode operators Pq, Qq, h,a and ho,hi,h,2,cxo,aii,cx2, 

[Po,iQo] = l, [M=2, (4-15) 

[/io,«o] = [^i,«2] = [fi2,ai] = (2-s), [/ii,«i] = [/i2,«2] = 0. (4.16) 

We set the Fock space Tk,Li (K, L € Z). 

Fk,l= C[ai m ,5i m ,/3i m ,7i m , (j = l,2;meN^ )]®|-^,^)n,no,ni,n2. 

n,no,ni,n2SZ 

(4.17) 



L. kt^-k-K* 



I T fc 



K,L) n>no>nun2 = eV V ^(^T V 2, ; ^ e - ^ e «o«o g e m«i g e n 2 « 2 . (418) 

Upon specialization s — > 2, simplification occures. 

a 2 = -a 1 5 1 = K r - fc M a i 5 2 = _|MM a i (4 ig) 

^-m u m' ^m r 1 ^m' ^m r 1 ^m> V ^z 

[rm] [rm] 

#m = ~Pm, lm = -7m. ^0 = h = Il 2 = «0 = «1 = "2 = 0. (4.20) 



The bosons ct m >/-Vi>7m are the same bosons which were introduced to construct the elliptic 
current associated with the elliptic algebra Ug^sfo) [2, 3, 4]. In order to construct infinitly many 
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commutative operators, we introduce one prameter s deformation of the bosons in [2, 3, 4]. We 
introduce the operators Cj(z), CUz), (j = 1, 2) acting on the Fock space Tjjq- 



Ci(z) 
C 2 {z) 

C\(z) 

C\{z) 



■ y/w^FjtQo ~ \/w^j p o lo S. z 



exp 



Va 1 

/ j "m 



ra^O 



y/*^™*": exp [£aj 

» e -V /1I P r ^^:exp(^ 



eV 72 ^^-/^ 



_ / 2(i--fc) 



'2 „— m 



(4.21) 
(4.22) 
(4.23) 
(4.24) 



r ,t /^ ,T,t 



We set the operators ^jj(z), ^jjj(z), ^f- T (z), W- n {z), (j = 1, 2) acting on the Fock space Tj^k- 



*;,/(*) 



*iM z ) 



^Ij(z) 



*hii*) 



exp 



x exp 



exp 



x exp 



exp 



x exp 



exp 



x exp 



km 
X 2 






— (x — X ) > 7 : — 3: 

v ; ^ [m] + 

m>0 L Ji ^ / 

- ^ x-^^_ m z m ) exp ( - J2 

m>0 / V m>C 



(4.25) 



^i+Wi^., = 1,2), 



m 



+ 



13 7 m 



(4.26) 



ra>0 



^ x¥ p+jH + 7 ^ m)ixi) 



m>0 



772 



fcm 
X ' 2 



X>"^;r m , (j = l,2), 

ra>0 / 



X x J > p,, 

m>0 L Ji ^ 



(4.27) 



E s ™^-mZ m exp J^ 

m>0 / \m>0 

_ fcm 

-<*-*-'> Era!-* 
E 



km 



[(k + l)m] 



m 



^ilz-™ , a = 1,2), 



-J z m 



TO>0 



771 



(4.28) 



_fcm [(A; + l)m]+ o m \ 

x 2 . / + 7-m^ exp 



m>0 



m + 



^x^74^ m ), U = 1,2). 



vm>0 



ft f"^ iTft 



We set the operators ^jj(z), ^jji(z), ^>- T (z), ^f- IT (z), (j = 1, 2) acting on the Fock space Tj,k- 



o a+a +a 1 x ^+h +hi z ~\ 



*i,j(z) = *i,/(z)e c 
* 1)77 («) = ^ li// (z)e a+Q(,+ai x-^ +/i( '- /ll z-i 
tf 2,7(3) = § 2 ,/(-z)e" a " ao+Q2 x-f + ' i()+?i2 zi 



(4.29) 
(4.30) 
(4.31) 
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*U z 



^2,ll{z)e~ a - ao+a2 xi +ha ~ h2 z* , 



' f t /'^^-a-aoH-ai^-§-/ioH-ftl^T 



*1 rr(z)e " " u r " A X 2 '""""^fc, 



Lr z v. a+ao+aa T-5- h o- h2 z -i 



*2,/(^)e 



2,11' 



z)e 



T2 



J z fc. 



(4.32) 
(4.33) 
(4.34) 
(4.35) 
(4.36) 



Definition 4.3 We set the operators Ej(z),Fj{z), (j = 1,2), which can be regarded as one 
parameter deformation of the level k elliptic currents associated with the elliptic algebra Uq t p( s h) 

[3, 4J- 



l7~\vrrt/ 



E j {z) = C j {z)* j {z), Fj{z) = q(z)*}(z), (i = l,2) 



(4.37) 



where we have set 
1 



*;(*) 



T ^jAz)-^ jtII (z)), *}{z) 



■l 



,t 



T^jW -*],//(*)), (i = l,2).(4.38) 



x — x _i J x — X 

Proposition 4.4 T/ie elliptic currents Ej(z), (j = 1,2) satisfy the following commutation 
relations. 



[itl - ^Ir-fc^l - U 2 - l\ r -kEj{z 1 )E j (z2) 

= [«2-1il]r-fc[«2-'Ul - l] r -fc-Ej(«2)-Ej(^l), (.7 = 1,2), 

5 1 5 

ui - n 2 + - ^ ui-u 2 - - + l '.'.-->'■'.> 



2 

«2 - «1 + -, 



r—k 



r—k 



S 
U2 ~ Ui - - + 1 



JTie elliptic currents F,, 



E 1 {z 1 )E 2 {z 2 ) 

r—k 

E 2 (z 2 )E 1 (z 1 ). 

r—k 

7 j{z), (j = 1,2) satisfy the following commutation relations. 
[u\ ~ u 2 } r [ui -u 2 + l] r F j (z 1 )F j (z 2 ) 

= [U2 ~ Ui] r [u 2 -Ui + l] r F j (z 2 )F j 
r c "i r c 



(4.39) 
(4.40) 



U1-U2- ~ 

s 

U2 ~ Ui - - 



U1-U2 + --I 

r L z 

S 

u 2 - Ul + - - 1 

r L z 



^•(zx), a = 1,2), 

^1(^1)^2(^2) 

^2(^2)^1(^1). 



XTie currents Ej(z) and Fj(z) satisfy 



Z2 



Here 



(-iy(s-2) / / fc 

[^(z 1 ),F J ( Z2 )] = -——r- [:C j (z 1 )CJ(z2^ J A^ j ,i(z2):S — 

- : ^( Zl )C]( Z 2)^7/(^i)*J- /J (^):<5(^)), (j = i,: 
we have used the delta-function S(z) = Yln€Z zU - 



(4.41) 

(4.42) 

(4.43) 
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The definition of the functional Q(f m ) is given as the same as (2.3). 
Definition 4.5 Let us set the functional Q* by fallowings. 

„ m i „ to , 

a*(/m) = fno^/nr^^W-^W^N"^!^) ( 4 - 44 ) 



27rizi / - LJ - 27riu)j 

3=1 J 3 = 1 J 



J] [tfj - Uj] r _l [Uj - Uj + l] r _jfc [Uj - Uj] r _l [t>j - t> i + l]r-k 

™ ™ Jm\Zl, ' ' ° ! 2 m |U?l, " " " j w m)- 



nnh-^ 



•*— A; 



Vj~Ui-- + l 



We take the integration contours to be simple closed curves around the origin satisfying 

\zf\ = l, (t = l,2;j = l,2,---,m). 

Proposition 4.6 When the function fi(zi, ■ ■ ■ , zi\wi, ■ ■ ■ , wi) are meromorphic function sym- 
metric in each of varibles (z±, ■ ■ ■ , z\), (w\, ••• ,w{), and don't have poles at the origin Zj = 0, 
Wj = 0, the functional Q , Q* satisfy 

g(fm)G(fn) = g(fmOf n ), (4.45) 

Q*(fm)Q*(fn)=Q*(fm*fn). (4.46) 



In what follows we set parameters v = v-^ — -Po + ^Ah in theta function $m,ai'&ma m 

Theorem 4.7 For r > and r — k > 0, we have 

[a(<W),a(tfn,/3)]=0, (m,neN), (4.47) 

[5*(C)^(^)] =0 > (m,n€N). (4.48) 

We have constructed infinitely many commutative operators £($m,a:)) ^*(^ma)) ( m ^ N) acting 
on the bosonic Fock space, which is regarded as the free field realization of commutative family 
of Feigin-Odesskii algebra (2.3) and (4.1). 

5 Level k generalization of Uq^sl^) 

In this section we report some results for Level k generalization of section 3, which are now in 
progress. Main result is free field realization of Level k elliptic algebra U qtP (sl]\f). 
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5.1 Feigin-Odesskii algebra 

We introduce a pair of Feigin-Odesskii algebra. 



(i) 



Definition 5.1 Let us set meromorphic function (f m *f n ){ z \ 
symmetric in each of variables (z[ , ■ ■ ■ , z m+n ),- ■ ■ (z[ , ■ ■ ■ , z m ^_ n ). 



' ' ^m+n 



(1) 



A 1 ) 



AA) 



\fm * Jn){ z \ i ' ' ' , ^ m +nl " ' ' I 

= E E - E 

OlGSm + n C2SS m + „ UM&Sm + n 



AN) 



A N ) 



(AT) , 

I crjv(l)' ' crjv(m)'' 



x Jm\ z 

x f C^ 1; ••• z l±; I ••• lz VJV; ••• z yiy > 

•* n \ <r 1 (m+l)' ' cri(m+«)' ' crjv(m+l)' ' o"jv( m + n )' 



TV to m+n U„ ^-i — U^ ' ~' lA -\ -+" 



- nn n 

£=1 i=l j=m-|-l 



(H-i) , _£_ 
o-t(i) "'o-t+iO') AT 



r—k 



A N ) 



L {t+l) -U (t) -1 + - 



r—k 



(*) (*) 



r—k 



* (*) i 1 



r—k 



AN) 



(5.1) 



.Here meromorphic function fi(z[ ,■ ■ ■ ,z} \- ■ -\z\ ,■■■ ,z} ') is symmetric in each of variables 



A 1 ) 



A 1 ) 



(N) 



\ z l ' ' ' ' ' Z Z )> ' ' ' ' V z l > 



.(A^ 



The product o is given by the same as (3.1). Let us set theta function with parameters v\, ■ ■ ■ , vn 
and a. 

N 
.« ... .,(Dl... !„.(*) ... „ , 

t=1 < ' r-fc 



i?* (u (1) ••• uW|---k (JV) ••• u^-TT 

u m,a\ u 'l j j "m. I l u l > > u m / J.1 



Eo 

i=i 



(t+i) (t) 



vt + a 



(5.2) 



Proposition 5.2 "& m ,a an d $n,p commute each other with respect to the product (5.1). 



V m ,a * $11,13 — $n,fS * '"m,a- 



(5.3) 



5.2 Free field realization 

In this section we give free field realization of Level k elliptic algebra U qjP (sl]\r). The author 
would like to emphasize that the free field realization of Level k is completely different from 
those of Level 1. We introduce free bosons a % n , (l^i^iV— l;n & %j=o), bn\ (1 = i < J = 
N;n£ 2^o)> Cn ■> (1 = i < j = N;n € Z^o), and the zero-mode operators a\ (1 ^ i ^ N — 1), 
b**, {l^i<jS N), c^, {lSi<jS N). 



, l rP 



[(k + N)n][A hJ n] 



n 



<W,o, \plqi] = {k + N)A. 



- 'j' 



Wni h m] = SifiSjjSn+mfl, \p\ 3 , g^} = -<5i,fc<Jfc,J, 



\ c i,3 c k,h 
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n 



-5i,kO~j,l8n+mfi, \p % c Ale ] = $i,k&j,l- 



(5.4) 
(5.5) 
(5.6) 
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Here the matrix (^4.i,j)i<j ,-<jv-i represents the Cartan matrix of classical sIn- For parameters 
Oj G E, (1 ^ i ^ N - 1), 6jj G E, (1 ^ i < j S N) aj, G E, (1 ^ z < j ^ AT), we set the vacuum 
vector |o, 6, c) of the Fock space ^,6,0 as following. 

41a, b, c) = bli k \a, b, c) = c^ k \a, b, c) = 0, (n > 0; 1 ^ i ^ iV - 1; 1 £ 3 < k S N), 

p % a \a,b,c) =a,i\a,b,c), p> b ' k \a,b,c) = b jtk \a,b,c), p> c ' k \a,b,c) = c jtk \a,b,c), 

(1 Si ^ JV-1;1 ^ j < k ^N). 

The Fock space F a ^ fi is generated by bosons a t _ n ,b ] ^ n ,c l l n for n G N^o- The dual Fock space 
J-* . is defined as the same manner. In this paper we construct the elliptic analogue of Drinfeld 
current for C/ 9) p(s/jv) by these bosons a l n ,b]{ ,ck acting on the Fock space. 

Let us set the bosonic operators a l ±(z), a l (z),(l ^ i ^ N — 1), ti±(z), V l, i{z), &■'■> (z), (1 ^ i < 
j S N) by 

4(z) = i^-g-^^oin^ipilog?, (5-7) 

n>0 

&£(*) : ^ g -<r 1 )£4V Fn ±P^log?, (5-8) 

n>0 

[(k + N)n] q ^k + N 



^ = -ETa^krr^^ H ^ + T^^ + ^^)' ( 5 - 9 ) 



In 



b hJ (z) = -J2fTZ- n + q^+pi J logz, (5.10) 



c* J '(*) = -^^z- n + ^'+^'logz, (5.11) 

Let us set the auxiliary operators 7 lJ (z),/3i J (z),/32 J (z),/?3 J (z),/?4' 7 (2 ; ), (1 ^ i < j ^ AT) by 

l id (z) = -^^i^z-« + (^ + ^) + (^+^)log(-z), (5.12) 

#*(z) = ^(^)-(6M + c «)(az), $?{z) = b i ?(z)-(b i J + J*)(q- 1 z), (5.13) 

$■*'(*) = &^'( z ) + (b^ + c^Xg" 1 *), /3* J '(z) = b l l\z) + (6^' + c^)(qz). (5.14) 

We give a free field realization of Drinfeld current for U q (sli\f)- 

Definition 5.1 Let us set the bosonic operators E ±,l (z), (1 ^ i ^ N — 1) fry 

_i iv ~ i 

£T'*(z) = -^ V E~'\z), (5.16) 
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where we have set 

E+'\z) =: eW" 1 *)^'* 1 ^" 1 *) - e / 3 2' l+1 ('?^ 1 ^)) e ECi 1 ( b + +1 (9 ! - 1 ^)-b ! + l (9^)) :> ( 517 ) 

x e EL ]+1 (^ , :' +1 (^< t + , - 1 ) ^ )-i':■(?^ t + , ' 2 ))+«•(^^ ^ )+EH + l( t '-'(^ ,H ' ,2 )-^• +^ (^< t + , - 1 > ^ )) 

for 1 ^ j ^ » - 1, (5.18) 



. „7*' i+1 («- (fc+i) *)+a!.(«- fc ^*)+Efei + i(6-(9- ( * +0 *)-6i +1, '(9- < * +, - 1) *)) ■ 



k-\-N 

_ _ e7 '.'+ 1 (9 fc+i z)+a;( g ^^)+E£ i+ i(&i i (« fc+ ^)-&! h +1 ' ( (9 fc+( - 1 ^)) :> (5. 19 ) 

for i + 1 ^ j ^ iV - 1. (5.20) 

Lei ms set the bosonic operators ip i (z),(l ^ i ^ N — 1) by 

^( g ±§ z ) =: eEJ^^V^- 1 '*)^^ .(5.21) 

Lei ms se£ 

** = E(^ +1 - pf ) + Pa + E (# - pi +1 j )- ( 5 - 22 ) 

j=l j=i+l 

Let us introduce the auxiliary operators B± 3 (z),B l ±(z), (1 ^ i < j f^ N) by 

B£*{z) = ^vUY.jkf- n{r ' lzT \ (5 ' 23) 

V n>0 !• J / 

fl£(z) = e W (±Y,^(q- r * +1 zr n ). (5.24) 

V n>0 L J / 

Let us introduce the auxiliary operators A* 1 (z) , A 1 (z) , (1 ^ i ^ N — 1) by 

.A*(z) = exp^^aij^zf), (5-25) 

\n>0 L J / 

^(.) = exp(-^-i-<(^^)-"). (5.26) 

V n>0 L J / 

Definition 5.2 M^e define the dressing operators U* l (z), U t (z), (1 ^ i ^ N — 1). 

U*\z) = (n B +' i+ V~ J '4B-'V~ J *)j (5-27) 
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N 

k-N 

2 Z) 



x Bf i+ \q 2 - i z)Bf i+1 (q- i z) H B*j' j (q-i +1 z)B*: +1 ' j (q-i +2 z) A* l (q h 

\j=i+2 J 

U l (z) = l l \\B j l l+l (q- 2 ^z)B^{q- l ^z) J (5.28) 

X B t l t+ \q- 2+i z)B i l i+ \q l z) I f[ B l l 1 (q 1 - l z)B^ 1 ' j (q 1 ' 2 z)\A l {q^ K z). 

\j=i+2 J 

Definition 5.3 We define the elliptic deformation of Drinfeld current Ei(z),Fi(z), H i (z), (1 ^ 
i^N-1), by 

Ei(z) = U* i (z)E + ' i (z)e 2Ql z~^ , (5.29) 

Fi(z) = E~^ i {z)U\z)z h± ^ 1 , (5.30) 

H+(z) = U*\q^z)i>+{z)U i {q- } iz)e 2Qi q- hi (q { r-^z) h± ¥ =1 - ? > 1 , (5.31) 

H7( z ) = U* i (q~^z)^( z )U i {q-2z)e 2 ^q h '(q~ (r -^z) h± ^ 1 -^ 1 . (5.32) 

Theorem 5.3 The bosonic operators Ei(z),Fi(z),H i (z), (1 ^ i,j ^ N — 1) satisfy the 
following commutation relations. 

A- ■ A- ■ 

[ui -u 2 ^ l ] r ^ k E i (z 1 )E j (z 2 ) = [ui -u 2 + -^ l ] r - k E j (z2)E i (z 1 ), (5.33) 



A- ■ A 

-^} r F i (z 1 )F j {z 2 ) = [«i - u 2 - -± 



[«i - u 2 + -^-jrFiiz^Fjiz^ = [ Ul -u 2 - -^-} r F j (z 2 )F i (z 1 ), (5.34) 



mz^Ffa)] = {q _% ziZ2 (S (<T*|) H+(q-t Zl ) - 5 (>|) fff(g-***)) • (5-35) 

We have constructed the free field realization of the elliptic algebra Uq iP (sIn) for Level fc 7^ 0, —N. 
In order to construct free field realiztion of a pair of Feigin-Odesskii algebra (3.1) and (5.1), we 
have to solve the following problem. 



Problem (1) Construct the free field realization of the currents E^{z) and F^(z), which satisfy 
the relations (5.33), (5.34) and (5.35) which are valid for all 1 ^ i,j ^ N. (2) Construct one 
parameter s deformation of the free field realiztion of Ej(z), Fj(z), (^ S J = N). 

After finishing the above problem, it is not difficult to construct the free field realization Q 
and Q* of a pair of Feigin-Odesskii algebra (3.1) and (5.1). 
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